Abstract. Let Lm,c be the free m-generated metabelian nilpotent of class c Lie algebra over a field of characteristic 0. An automorphism ϕ of Lm,c is called normal if ϕ(I) = I for every ideal I of the algebra Lm,c. Such automorphisms form a normal subgroup N(Lm,c) of Aut(Lm,c) containing the group of inner automorphisms. We describe the group of normal automorphisms of Lm,c and the quotient group of Aut(Lm,c) modulo N(Lm,c).
Introduction
Let L m be the free m-generated Lie algebra over a field K of characteristic 0, m ≥ 2, and let
m ) be the free m-generated metabelian nilpotent of class c Lie algebra. This is the relatively free algebra of rank m in the variety of Lie algebras A 2 ∩ N c , where A 2 is the metabelian (solvable of class 2) variety of Lie algebras and N c is the variety of all nilpotent Lie algebras of class at most c.
An automorphism of an algebra is called normal if it preserves every ideal of the algebra. Similarly, an automorphism of a group is normal if it preserves every normal subgroup of the group. Such automorphisms form a normal subgroup of the group of all automorphisms. The goal of our paper is to describe the group of normal automorphisms N (L m,c ) and the quotient group Aut (L m,c )/N(L m,c ) of normally outer automorphisms of the Lie algebra L m,c . The corresponding problem for the group of normal automorphisms of free metabelian nilpotent groups was studied by Endimioni [E1, E2, E3] . He showed that the normal automorphisms θ of a free metabelian nilpotent group G are exactly the atomorphisms of the form
where u 1 , . . . , u m are elements of G, the exponents k(1), . . . , k(m) are integers. (As usual, the commutator (a, b) in the group case is defined by (a, b) = a −1 b −1 ab.). Endimioni also proved that the group of normal automorphisms of free metabelian nilpotent group G is metabelian, generalizing a result of Gupta [G] for the group of IA-automorphisms in a two-generated metabelian group. Initially, automorphisms of the form θ(x) = x(x, u 1 ) k(1) . . . (x, u m ) k(m) were studied by Kuzmin [K] . The group of normal automorphisms of free groups has been studied by Lubotzky [L] . He showed that N(G) = Inn (G) , for any finitely generated free group G. Lue [Lu] gave a short proof of this fact using the Freiheitssatz for groups established by Magnus [M] . The Freiheitssatz for Lie algebras was proved by Shirshov [S] . Makar-Limanov [Ma] proved it for associative algebras over a field of characteristic zero. Following the idea of Lue [Lu] we show that the free Lie algebra L m does not have nontrivial normal automorphisms for any m ≥ 2 and over a field of any characteristic. For the proof we apply the Freiheitssatz for Lie algebras and use the Hopf property of free Lie algebras. The same result holds for free associative algebras over a field of characteristic 0. The key step of the proof was suggested to us by Ualbai Umirbev. If we replace L m with a relatively free algebra in a proper subvariety of all Lie algebras it may happen that many normal automorphisms appear. In particular, this holds for the free metabelian nilpotent Lie algebra L m,c . Since every inner automorphism of L m,c is normal, the algebra L m,c posseses nontrivial normal automorphisms. These automorphisms form a normal subgroup of Aut (L m,c ).
Our first main result is similar to the result of Endimioni [E1, E3] in the case of groups but there are some essential differences. We show that the group of normal automorphisms is included in the subgroup IA (L m,c ) of the automorphisms which induce the identity map modulo the commutator ideal of L m,c when m ≥ 3, c ≥ 2 or m = 2, c ≥ 4. In the exceptional cases, i.e. (m, c) = (2, 2) or (m, c) = (2, 3), every normal automorphism acts on the generators of L m,c as a nonzero scalar times an IA-automorphism. For the proof we define a special type of automorphisms called generalized inner automorphisms and we describe the group of normal automorphisms in terms of them. We also show that the group of normal automorphisms N (L m,c ) is an abelian group when m ≥ 3, c = 2, is a nilpotent of class 2 group when m ≥ 3, c = 3 and is a metabelian group when m ≥ 2, c ≥ 4 or (m, c) = (2, 2). Finally, N (L m,c ) is a nilpotent of class two-by-abelian group when (m, c) = (2, 3) which is an analogue of the result of Gupta [G] and Endimioni [E2] .
A result of Shmel'kin [Sh] states that the free metabelian Lie algebra c+1 . The automorphism group Aut (L m,c ) is a semidirect product of the normal subgroup IA (L m,c ) and the general linear group GL m (K) . Considering the group IN(L m,c ) of normal IA-automorphisms, for the description of the factor group ΓN (L m (L m,c ). Drensky and Fındık [DF] gave the explicit form of the Jacobian matrices of the coset representatives of the outer automorphisms in IA (L m,c )/Inn (L m,c ). Since Inn (L m,c ) is included in the group of normal automorphisms, IA (L m (L m,c ) and we find explicitely coset representatives of IN (L m,c ).
The paper is organized as follows. In the first section, we introduce normal and normally outer automorphisms and discuss the relations between N(L m,c ) and the normal subgroup IA (L m,c ). We also discuss the normal automorphisms of the free Lie algebra L m . In the second section we define the group of generalized inner automorphisms and give necessary information about its group structure. In the third section we describe the group of normal automorphisms in terms of the group of generalized inner automorphisms. Finally we give the explicit form of the Jacobian matrices of the normal automorphisms and of the Jacobian matrices of the coset representatives of normally outer IA-automorphisms. We also give the explicit form of the Jacobian matrices of the coset representatives of the normal automorphisms modulo the group of inner automorphisms Inn (L m,c ).
Preliminaries
Let L m be the free Lie algebra of rank m ≥ 2 over a field K of characteristic 0 with free generators y 1 , . . . , y m and let
m ) be the free metabelian nilpotent of class c Lie algebra freely generated by x 1 , . . . , x m , where
We use the commutator notation for the Lie multiplication. Our commutators are left normed:
For each v ∈ L m,c , the linear operator adv : L m,c → L m,c defined by Let ϕ be an automorphism of an algebra R such that ϕ(I) = I for every ideal I of the algebra R. Such automorphisms are called normal automorphisms which we denote by N(R). Clearly these automorphisms form a normal subgroup of the group of all automorphisms Aut(R) of R. The factor group Aut(R)/N(R) is the group of normally outer (or N -outer) automorphisms and is denoted by ΓN(R).
The next lemma gives the form of normal automorphisms of L m,c .
Lemma 1.1. Let ϕ be a normal automorphism of the algebra L m,c . Then ϕ is of the form 
Thus α i = α j = α. Hence ϕ has the form ϕ :
It is well known in a metabelian Lie algebra G, see e.g. [Ba] , that
where σ is an arbitrary permutation of 3, . . . , k, i.e. the operators adv , v ∈ G commute when acting on
and we may permute the elements x i3 , . . . , x i k . Reordering the elements x 1 , . . . , x m by
we obtain that the subspace of L ′ m,c spanned by the commutators essentially depending on x i , has a basis
Hence the normal automorphism ϕ of L m,c has the form ϕ :
For a fixed i = 1, . . . , m let us consider the ideal J i of L m,c generated by the element x i , Since ϕ is normal and ϕ(x i ) ∈ J i we obtain that
and hence g i (x i ) = 0, i = 1, . . . , m, because every element in J i depends on x i . Thus we have
which completes the proof.
A similar proof holds also for the free Lie algebra L m . But we use the fact that, applying the anticommutativity and the Jacobian identity, linear combinations of commutators of L m depending essentially on y i can be rewritten as linear combinations of left normed commutators of the form [y i , y i2 , . . . , y i k ], y i2 , . . . , y i k ∈ {y 1 , . . . , y m }. Lemma 1.2. Let ϕ be a normal automorphism of the algebra L m . Then ϕ is of the form ϕ :
where f i (adY ) = f i (ady 1 , . . . , ady m ) and every polyomial f i (t 1 , . . . , t m ), i = 1, . . . , m, belongs to the free associative algebra K t 1 , . . . , t m .
Recall that an algebra R is Hopf ian, if it cannot be mapped onto itself with nontrivial kernel. The following fact is folklorely known. For example it is stated for relatively free algebras of finite rank as Exercise 4.10.21, page 137 in the book of Bahturin [Ba] . The proof is similar to the proof in the group case, see Section 4.1 of the book by Neumann [N] , and repeats the steps of the proof of Theorem 9, page 104 [Ba] . The proof of [Ba, Exercise 4.10.21] uses only the fact that over an infinite field relatively free algebras F (U) are graded and that ∩ m≥1 F m (U) = 0 which is obviously true for free Lie algebras and free associative algebras over any field.
The analogue of the Freiheitssatz in group theory [Ma] was proved by Shirshov [S] in the case of Lie algebras in any characteristic. For associative algebras it was obtained by Makar-Limanov [Ma] when characteristic of the base field is 0. The problem is still open for associative algebras over a field of positive characteristic (see e.g. the book by Bokut' and Kukin [BK] ). We shall state the result for free Lie algebras only. Theorem 1.4. (Shirshov [S] ) Let L(Y ) be the free Lie algebra freely generated by
The idea to use the Freiheitssatz in the following proof was suggested to us by Ualbai Umirbaev.
. This means that f depends also on the variables
Let us consider the natural homomorphism
π is onto and ker π = 0 because y m / ∈ (f ). But L(y 1 , . . . , y m−1 ) has the Hopf property by Lemma 1.3. This is in contradiction with ker π = 0. Then (f ) = (y m ) ⊳ L(Y ). But f depends also on the other variables, for example, without loss of generality, depends also on y 1 . Applying Theorem 1.4 (the Freiheitssatz) we get that y 2 , . . . , y m generate a free algebra
Lubotzky [L] showed that the group of normal automorphisms of a free group G is equal to the group of inner automorphisms of G, i.e. N(G) = Inn (G) and Lue [Lu] gave an alternative proof of the statement. Our next theorem states that the free Lie algebra L m does not have nontrivial normal automorphisms for any m ≥ 2. The idea of the proof is similar to the idea of the proof of the paper by Lue [Lu] for free groups. 
and assume that α = 1. Since ϕ is normal
Hence we have the system
Since α = 0, 1, then y 1 ≡ 0 (mod I) and [y 1 , y 2 ] ≡ 0 (modI) which means that
This means that y 1 ∈ (y 1 ) while y 1 / ∈ I, because the only coefficient of y 1 is 1. Thus (y 1 ) = I which is in contradiction with I = (y 1 ). Hence α = 1. Now let m ≥ 3 and let ϕ be a normal automorphism of L m of the form
We consider the ideal I of L m generated by the elements y 1 − [y 1 , y 2 ], y 3 . . . , y m . Since ϕ is normal then ϕ(I) = I and it induces a normal automorphism of L m /I which is isomorphic to L 2 /(y 1 − [y 1 , y 2 ]). But we already know that in this case α = 1.
Remark 1.7. An analogue of Theorem 1.6 holds for free associative algebras
. . , y m over a field of characteristic 0. Repeating the main steps of the proof of Theorem 1.6 we obtain that the only possibility is that f (Y ) depends on y m only. We extend ϕ to an automorphism ϕ of the algebra K y 1 , . . . , y m where
is a product of several polynomials which is impossible: Applying ϕ −1 we obtain that the degree of
is bigger than 1.
The situation in the case of free metabelian nilpotent Lie algebra L m,c is different. Applying Lemma 1.1 it is easy to see that Inn (L m,c 
Proof. (i) Let ϕ be a normal automorphism of L m,2 , m ≥ 3. By Lemma 1.1 ϕ has the form ϕ :
where β ij ∈ K. Let us consider the ideal J generated by
Clearly the summand αx 1 + α 2 [x 2 , x 3 ] is included in the vector space spanned by the element u. Thus α = α 2 or α = 1. (ii) Let ϕ be a normal automorphism of L m,3 , m ≥ 3. By Lemma 1.1 ϕ has the form ϕ :
We can express ϕ as ϕ :
where f ij,0 ∈ K, f ij,1 ∈ ω/ω 2 . Here ω states for the augmentation ideal of
Let us consider the ideal J generated by
Since ϕ is normal, ϕ(u) ∈ J. Easy calculations give that
J has a basis consisting of v and the elements of the form
Since ϕ is normal ϕ(v) ∈ J. Similar steps as (ii) give that
is included in the vector space spanned by the element v. Thus α = 1.
′′ m be the free metabelian Lie algebra of rank m. We shall denote the free generators of F m with the same symbols x 1 , . . . , x m as the free generators of L m,c , but now
. . , t m ] be the (commutative) polynomial algebra over K freely generated by the variables t 1 , . . . , t m and let A m and B m be the abelian Lie algebras with bases {a 1 , . . . , a m } and {b 1 , . . . , b m }, respectively. Let C m be the free right K[t 1 , . . . , t m ]-module with free generators a 1 , . . . , a m . We give it the structure of a Lie algebra with trivial multiplication. The abelian wreath product A m wrB m is equal to the semidirect sum C m ⋋ B m . The elements of A m wrB m are of the form
Hence A m wrB m is a metabelian Lie algebra and every mapping {x 1 , . . . , x m } → A m wrB m can be extended to a homomorphism F m → A m wrB m . In particular, as a special case of the embedding theorem of Shmel'kin [Sh] , the mapping x i → a i + b i , i = 1, . . . , m, can be extended to an embedding of F m into A m wrB m .
Both F m and A m wrB m are graded algebras. The monomials in A m wrB m of degree 1 are of the form a i , b j and of degree n ≥ 2 have the form a i t 1 . . . t n−1 . Let us consider the ideal (A m wrB m ) c+1 spanned by the elements of A m wrB m of length at least c + 1. Then the quotient (A m wrB m )/(A m wrB m ) c+1 is metabelian and nilpotent of class c and the homomorphism ε :
where Ω is the augmentation ideal of
The next lemma follows from [Sh] , see also [BD] .
The Jacobian matrix J(φ) of an endomorphism φ of L m,c is defined as
where 
Clearly I m +S is a subsemigroup of the multiplicative group of
The following proposition is well known, see e.g. [BD] . (L m,c ) and I m + S. 
are polynomials of degree ≤ c − 1 without constant terms. They satisfy the conditions
does not depend on t 1 , . . . , t i−1 and f 12 does not contain a summand dt 2 , d ∈ K.
Generalized Inner Automorphisms
In this section we introduce a special type of automorphisms of the free metabelian nilpotent Lie algebra L m,c . We shall use these automorphisms in order to describe the group of normal automorphisms N(L m,c ) of L m,c in the next section.
Definition 2.1. An automorphism ψ of the algebra L m,c is called generalized inner automorphism if ψ has the form ψ :
One can check that every inner automorphism is a generalized inner automorphism. We give necessary information for the structure of generalized inner automorphisms in the next lemmas and theorems.
Lemma 2.2. Let ψ and φ be generalized inner automorphisms of the form
where f j , g t ∈ K[adx 1 , . . . , adx m ]. Then the composition ψφ is of the form ψφ :
Proof. Let ψ and φ be as above. Then Proof. Let ψ and φ be generalized inner automorphisms of the form
where f j , g t ∈ K[adx 1 , . . . , adx m ]. Applying Lemma 2.2 we have that
where F j = g j + f j + h j , j = 1, . . . , m. Thus the composition ψφ is a generalized inner automorphism. It remains to prove that for any inverse automorphism ψ −1 of a generalized inner automorphism ψ is also a generalized inner automorphism. For this purpose it suffices to construct for each integer n ≥ 2 a generalized inner automorphism ψ n such that ψ n ψ is of the form
where h j ∈ ω n−1 , where ω states for the augmentation ideal of K[adx 1 , . . . , adx m ], i.e. the length of the commutator [x i , x j ]h j is at least n + 1. Let ψ be of the form
Let us consider the generalized inner automorphism
From Lemma 2.2 we obtain that
Now consider the generalized inner automorphism
Similarly we have that
Repeating this process we construct ψ 2 , ψ 3 , . . . , ψ c and obtain that ψψ 2 ψ 3 . . . ψ c = 1.
Lemma 2.4. Let ψ be a generalized inner automorphism of the form
where
Proof. By linearity it is sufficient to show for every k = 1, 2, . . . that
We make induction on the degree k of the commutators. The case k = 1 is trivial. It is true for k = 2:
Now assume that the equality holds for k − 1. Then
Corollary 2.5. The group of generalized inner automorphisms GInn (L m,c ) is a subgroup of the group of normal automorphisms N(L m,c ).
Proof. Let ψ be a generalized inner automorphism of the form
where f j ∈ K[adx 1 , . . . , adx m ]. Let u be an element of an ideal J of the free metabelian nilpotent Lie algebra L m,c . From Lemma 2.4 we know that
Hence ψ(u) ∈ J.
Now we describe the group structure of the group of generalized inner automorphisms GInn(L m,c ).
Proof. (i) Let ψ, φ ∈ GInn(L m,2 ) be generalized inner automorphisms of the form
where α j , β j ∈ K for j = 1, . . . , m. Then the composition ψφ is
Thus ψφ = φψ.
(ii) Let ϕ, φ, γ ∈ GInn(L m,3 ) be generalized inner automorphisms of the form
Using the arguments of Theorem 2.3 we have that
Using Lemma 2.2 direct calculations give that
has the form (ϕ, φ) :
Let us define t = m j=1 adx j (g j u − f j v). Then we obtain that (ϕ, φ, γ) :
Since the polynomials h j t, (
and (ϕ, φ, γ) = 1.
(iii) Let m ≥ 2, c ≥ 4 and let ψ, φ ∈ GInn(L m,c ) be generalized inner automorphisms of the form
where f j , g t ∈ K[adx 1 , . . . , adx m ]. Then we know from Lemma 2.2 that the composition ψφ is of the form ψφ :
Lemma 2.4 states that
for every u ∈ L m,c . Hence
If u is an element of the derived algebra L ′ m,c , then
This means that the commutator
of ψ and φ acts trivially on L ′ m,c . Now let us define the generalized normal automorphisms ρ and σ in the commutator subgroup (GInn(L m,c ), GInn(L m,c )) and let w 1 (x i ) = ρ(x i ) − x i and w 2 (x i ) = σ(x i ) − x i , i = 1, . . . , m. Then clearly the elements w 1 (x i ) and w 2 (x i ) are in L ′ m,c , i.e. ρ and σ act trivially on them. Thus
which means that ρσ = σρ. Hence (GInn(L m,c ), GInn(L m,c )) is abelian and so GInn (L m,c ) is metabelian.
Example 2.7. Now we give an explicit proof of the fact that GInn (L 2,3 ) is nilpotent of class 2. Let ψ ∈ GInn(L 2,3 ) be a generalized inner automorphism of the form
where α, α 1 , α 2 , β, β 1 , β 2 ∈ K. Easy calculations give that the inverse function ψ −1 has the form
If φ ∈ GInn(L 2,3 ) is another generalized inner automorphism,
where p, p 1 , p 2 , q, q 1 , q 2 ∈ K with inverse
calculating the composition ψφ we have that
and the composition φ −1 ψφ is of the form
Finally we obtain that (ψ, φ) = ψ −1 φ −1 ψφ has the form
Now let θ ∈ GInn(L 2,3 ) be a generalized inner automorphism of the form
where a, a 1 , a 2 , b, b 1 , b 2 ∈ K. Direct calculations give that
which means that ((ψ, φ), θ) = (ψ, φ)
Main Results
In this section we describe the group of normal automorphisms in terms of generalized inner automorphisms. We give the explicit form of the Jacobian matrices of the normal automorphisms and of the coset representatives of normally outer IA-automorphisms.
) then ϕ is an inner automorphism. In particular ϕ is a generalized inner automorphism. Let m ≥ 3 and ϕ be of the form
where c ij ∈ K for every i, j = 1, . . . , m. Now consider the ideal J 12 of L m,2 generated by x 1 + x 2 . As a vector space J 12 posseses a basis
Since ϕ is normal ϕ(x 1 + x 2 ) ∈ J 12 . But
for some p, q j ∈ K, d j = c 2j − c 1j , j = 3, . . . , m, which means that d j = 0. Hence c 2j = c 1j , j = 3, . . . , m. Similarly, considering the ideals J 1k of L m,2 generated by x 1 + x k for every k = 3, . . . , m, we obtain that
Finally, considering the ideals J 2k of L m,2 generated by x 2 + x k , k = 3, . . . , m, similar arguments give that c k1 = c 21 , k = 3, . . . , m. Proof. Let ϕ be a normal IA-automorphism of L 2,3 such that
where α, α 1 , α 2 , β, β 1 β 2 ∈ K. Let us define f 1 = β + β 1 adx 1 + β 2 adx 2 and f 2 = α + α 1 adx 1 + α 2 adx 2 . Then we can rewrite ϕ in the following way.
We know that Inn (L m,c (L m,2 ) by Lemma 3.1. But the elements ϕ of IN (L m,c ) are not necessarily inner automorphisms when c ≥ 3. For example it follows from Lemma 3.2 that
is a normal automorphism which is not an inner automorphism. 
Thus ϕ is a generalized inner automorphism. In the case c = 2, m ≥ 2, we know from Lemma 3.1 that such automorphisms are generalized inner. Hence we can assume that c ≥ 3,m ≥ 3. Let ϕ be a normal automorphism of L m,c acting trivially on L m,c /L c m,c . Since c ≥ 3 and m ≥ 3 then we can assume from Lemma 1.8 that ϕ is of the form 
Then the composition ϕϕ −1 1 has the form ϕϕ
Now consider the generalized inner automorphism ϕ 2 :
Thus it sufficies to show that φ = ϕϕ
2 is a generalized inner automorphism. Let α be a nonzero constant and let us consider the ideal J α12 of L m,c generated by αx 1 + x 2 . the vector space J α12 modulo L 3 m,c has a basis:
Using the embedding L m,c into the wreath product we have that
Since a 1 , . . . , a m are free generators of free K[t 1 , . . . , t m ]/Ω c−1 -module, for every j = 3, . . . , m we have that t 2 g 2j = (αt 1 + t 2 )Q j . Thus αt 1 + t 2 divides g 2j , j = 3, . . . , m, for every α ∈ K * . Since characteristic of the field K is 0 we can choose more than c − 2 distinct scalars α ∈ K * . Then by nilpotency the function g 2j (t 1 , . . . , t m ) is 0, j = 3, . . . , m. Hence
Considering the ideals J α1k , k = 3, . . . , m of L m,c generated by αx 1 + x k the same argument gives that g kj = 0, j = 1, k, k = 3, . . . , m. Now let us consider the ideal J α23 of L m,c generated by αx 2 + x 3 . It has a basis
Using the embedding L m,c into the wreath product, considering only the coefficient of a 1 we have that
Thus αt 2 + t 3 divides g 31 for every α ∈ K * . Hence the function g 31 (t 1 , . . . , t m ) is 0 and g 31 = 0.
Finally, considering the ideals J α2k , k = 4, . . . , m of L m,c generated by αx 2 + x k the same argument gives that g k1 = 0, k = 4, . . . , m. Hence φ = ϕϕ Proof. We argue by induction on the nilpotency class c of L m,c . If c = 2, the result follows from Lemma 3.1 (in this case, each normal IA-automorphism is inner). Now consider a normal IA-automorphism ϕ of L m,c , c > 2, of the form
It follows for i = 1, . . . , m that
. By Lemma 3.3, φ is a generalized inner automorphism, and so is ϕ = ψφ. Now we give one of the main results which is obtained as a direct consequence of Lemma 1.1, Lemma 3.1, Lemma 3.2 and Theorem 3.4.
Corollary 3.5. Let K * denote the set of invertible elements of the field K. Then
where ⋌ stands for the semi-direct product of the groups.
Now we describe the group structure of the group of normal automorphisms N(L m,c ).
) be normal automorphisms of the form
where α 1 , α 2 , β 1 , β 2 ∈ K and α, β ∈ K * . Easy calculations give that
By direct calculations we obtain that the commutator (ψ α , φ β ) = ψ
This means that (ψ α , φ β ) ∈ GInn(L 2,2 ) = Inn(L 2,2 ) which is abelian from Theorem 2.6. Hence N(L 2,2 ) is metabelian. We know from Corollary 3.5 that if m ≥ 3 or m = 2, c ≥ 4 then N(L m,c ) = GInn (L m,c ). Applying Theorem 2.6 we get that N (L m,2 ) is abelian when m ≥ 3, N (L m,3 ) is nilpotent of class 2 when m ≥ 3 and that N (L m,c ) is metabelian when m ≥ 2, c ≥ 4. Thus it remains to show that N (L 2,3 ) is a nilpotent of class two-byabelian group. Now let ψ α , φ β in N(L 2,3 ) be normal automorphisms of the form
m,c and α, β ∈ K * . Clearly the inverse functions are of the form
. Easy calculations give that the commutator (ψ α , φ β ) of ψ α and φ β is included in GInn (L 2,3 ) which is nilpotent of class 2 by Theorem 2.6. Thus N (L 2,3 ) is a nilpotent of class two-by-abelian group. Now we have collected necessary information for the description of the group of normally outer automorphisms ΓN (L m,c Proof. Let ϕ be an IA-automorphism of L 2,c . Then ϕ has the form ϕ :
where f 1 = g, f 2 = f , i.e. ϕ is a generalized inner automorphism or from Theorem 3.4 ϕ is a normal IA-automorphism. Thus IA(L 2,c ) = IN(L 2,c ).
where f j ∈ K[adx 1 , . . . , adx m ]. Then the Jacobian matrix of ϕ is
(ii) Let Θ be the set of automorphisms θ of L m,c with Jacobian matrix of the form (L m,c ) and IΓN (L m,c ) is a disjoint union of the cosets IN(L m,c )θ, θ ∈ Θ.
(iii) Let Ψ be the set of normal IA-automorphisms ψ of L m,c with Jacobian matrix of the form Proof. (i) Let ϕ be a normal IA-automorphism of the form
where f j ∈ K[adx 1 , . . . , adx m ]. The Jacobian matrix of ϕ is
Easy calculations give
where δ ij is Kronecker symbol. Thus we obtain the desired form of the matrix J(ϕ).
(ii) When m = 2 then from Lemma 3.7 the factor group IA(L 2,c )/IN (L 2,c ) is trivial which satisfies the conditions. Let m ≥ 3. Since Inn (L m,c ) is included in the group of normal automorphisms, the factor group IA (L m (L m,c ). Then from Lemma 1.11 we can consider the Jacobian matrix of the IA-automorphism ψ of the form
where s, q i , r i , f ij are polynomials of degree ≤ c − 1 without constant terms with the conditions
. . , m, does not depend on t 1 , . . . , t i−1 and f 12 does not contain a summand
and let us define the normal automorphism
Then from (i) the Jacobian matrix of ϕ is of the form
Let us denote the m × 2 matrix consisting of the first two columns of J(ϕψ) and I m by J(ϕψ) 2 and I m2 , respectively. Direct calculations give that J(ϕψ) 2 is of the form
where we have denoted by * the corresponding entries of the second column of the Jacobian matrix of ϕψ. Now let
and let us define the normal automorphism φ :
The Jacobian matrix of φ is of the form
Calculating J(φϕψ) we have that
Repeating this process sufficiently many times, we get that the (1, 1)-th entry and the coefficients of the elements t 1 q j , j = 2, . . . , m, are zero, because L m,c is nilpotent. So we have the form
, where p i = p i (t 1 ), i = 2, . . . , m, does not depend on t 1 , g 12 does not contain a summand dt 2 , d ∈ K. Let us express g 12 as g 12 = t 2 f +f 2 , wheref 2 does not depend on t 2 and f ∈ Ω because g 12 does not contain a summand dt 2 , d ∈ K. Let us consider the normal automorphism
The Jacobian matrix of φ 1 is of the form
Calculating J(φ 2 φ 1 γ) we see that the summands −t 1 f p j in the first column disappears:
Let us consider the (1, 2)-th entry t 1 t 2 f 2 + t 1 ff 2 +f 2 of the matrix J(φ 2 φ 1 γ) and express the element f as f = t 2 F +F 2 , whereF 2 does not depend on t 2 . Now we have that
whereĥ 2 = (t 1F2 + 1)f 2 does not depend on t 2 and h = f 2 + Ff 2 . Note that the minimal degree of the monomials of the summand which depend on t 2 (in this step this is t 1 t 2 h) is bigger than of the minimal degree of the corresponding summand t 2 f of the previous step which means that the degree increases.
We repeat the process one more step and consider the normal automorphism Repeating this process we construct inner automorphisms φ 3 , . . . , φ m−1 such that ψ = φ m−1 · · · φ 2 φ 1 ϕ,
Hence, starting from an arbitrary coset of normal IA-automorphisms Inn(L m,c )ϕ, we found that it contains an automorphism ψ ∈ Ψ with Jacobian matrix prescribed in the theorem. Now, let ψ 1 and ψ 2 be two different automorphisms in Ψ with Inn(L m,c )ψ 1 = Inn(L m,c )ψ 2 . Hence, there exists a nonzero element u ∈ L m,c such that ψ 1 = exp(adu)ψ 2 . Direct calculations show that this is in contradiction with the form of J(ψ 1 ).
